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L. G. Schnirelmann
(1905 - 1938)

Lev Genrikhovich Schnirelmann was born in January 1905 in the town of Gomel,
presently in Belorussia. He lived there with his family until he was 16 years old. His
father was a teacher of Russian language.

Already in his childhood, Lev Genrikhovich has shown remarkable talents in many
areas. He engaged in drawing and in writing poetry (at the age of 8 12). In his poems
he would ask, in a very non-childish manner, for an explanation of the great events which
he has personally witnessed. His interest in mathematics was awakened at the age of 12,
when he independently and on his own completed a course in elementary mathematics.

At the same time he began to study the literature of higher mathematics. For several
months L. G. attended some courses in mathematics and physics, offered in Gomel for
the benefit of high school graduates. There, the young but gifted child attracted the
attention of L. I. Kreer, who was at that time a professor at the North-Caucasian
Pedagogical Institute. As a consequence of Kreer's attention, regional educational
authorities wrote, in April 1919,  a letter to the parents of the young boy proposing to
assume the responsibility for the boy's further education, and in particular to send him to
Moscow for two years. At that time, at the age of 15, the young boy was studying alone
on his own.

In the year 1921, when he was 16, L. G. entered the Moscow State University, and
completed the studies there in 2  years. At the university he attended specialized courses"
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given by Lusin on the theory of real variables, by Urysohn on the point-set topology, and
by Khinchine on Diophantine approximations.

In the autumn of 1924, L. G. became an aspirant at the Institute of Mathematics and
Mechanics I, at MGU (Moscow State University). During his student days and during his
tenure as an aspirant, L. G. completed several papers in algebra, geometry, and topology,
one of which, entitled “On multiplicative forms,” became the basis for his diploma thesis.
In this early stage of his life he has already shown high standards and expectations
regarding his own work. He chose not to publish his “youthful papers,” even though they
contained some quite interesting results. His first published paper, proving a theorem that
in any closed curve one can inscribe a square, was written during the years 1926-27, and
was published in 1929.

During the years 1927-1929, L. G. together with L. A. Liusterik, completed a series
of papers on topological methods in variational calculus. In these papers they gave a
complete solution to a problem of  Poincare about three closed geodesics on a closed
surface.
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In 1929 L. G. completed the aspirantship, and wrote and defended a thesis on the
subject of qualitative methods in analysis. In the same year, he assumed the chair of
mathematics at the Donsk Polytechnic Institute in the town of Novocherkask.

There, he began to study problems in number theory and obtained several remarkable
results. Among these one should note his first attempt at solving the Goldbach
conjecture, considered at that time to be completely inaccessible by the currently
available methods. L. G. laid a foundation of the new field of mathematics - arithmetic of
arbitrary numerical sequences and proved several important theorems on the subject.
These papers were first published in a somewhat obscure journal “Proceedings of the
Donsk Polytechnic Institute.” Nevertheless they became widely known and disseminated.
Shortly afterwards, they were given a wider exposure in a paper by late Prof. Landau.

In the summer of 1930 he participated in the first All-Union Mathematical Congress
where, as a young 25 year old scientist, he emerged as one of the leading figures in
Soviet mathematics. After the congress L. G. returned to Moscow where, beginning the
following year, he became a permanent member of the Institute of Mathematics and
Mechanics at the MGU. In addition, he taught several courses and conducted a number of
seminars at MGU.

In 1931 L. G. was send abroad for three months. During his sojourn he continued to
work on the problems in the additive number theory, and prepared an extensive memoir
on the subject, later published in Mathematische Annalen.

In 1933 L. G. was chosen to be a corresponding member of the Academy of Sciences
of USSR, and beginning with 1934 he worked at the Mathematical Institute of the
Academy. His scientific work dealt with variety of problems in number theory, algebra,
and analysis.

Being a person of broad interests, including the societal ones, L. G. devoted a lot of
attention, at that time, to the improvements of the mathematical education in our country.
He participated in public discussion on the subject matter, expressing his views on the on
pages of many publications, including Pravda. He gave a series of lectures, wrote reviews
of mathematical literature, participated in several projects dealing with the new
curriculum, authored an elementary text for teachers of number theory, and gave several
popular lectures for young audiences. His opinions and utterances played an important
part in the liquidation of the remnants of reactionary saboteurs in the structures of
mathematical education. For many years L. G. was part of the leadership of the Moscow
Mathematical Society, and at one time he was a vice-president of that organization.

During the celebration of the 20th anniversary of October Revolution, L. G.
Schnirelmann, together with several other major young scientists, was awarded a prize by
the presidium of the Academy of Sciences of the USSR. During the last years of his life,
L. G. intensively pursued his research and obtained a series of new results, some of
which were submitted for publication shortly before his death.
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Scholarly achievements of L. G. Schnirelmann, his deep insights into various
scientific fields, his ability to propose new problems and to find connections between
seemingly disperse disciplines, his refined culture, and his exceptional talents, made L.
G. into an outstanding scientist.

In addition, as a result of  the character of his personality, he enjoyed a position of
high moral authority. He combined high principles in general questions with sensitivity
and softness in the interpersonal relations. He paid tactful attention to his comrades, he
was modest and truthful. These traits defined L. G. Schnirelmann's personality. The
versatility of his scientific inquiries, his creative spirit, apparent not only in his scientific
achievements, his original mind, and his incisive observations, made L. G. to be an
exceptional individual. The strength of his character deserves to be remembered on par
with his publications. L. G. in his life was just an outstanding artist as he was a scientist.

_______________________

Scientific achievements of Lev Genrikhovich began in the field of algebra. His first,
accidentally surviving manuscript, going back to the time when he was 15 years old,
dealt with solutions of equations in radicals. The youthful author established a form of
the solutions in radicals, in cases such exist, by considering the dependence, or
“measure,” of the solution relative to the coefficients, the form of partial solutions, etc.
From such initial considerations, the author obtained, among other things, an elegant
proof of the formulas of Cardano and Ferrari.

Chronologically, the next algebraic manuscript, “On multiplicative forms,” was
submitted for publication during his student days as a diploma thesis. The subject matter
of the paper were “multiplicative forms,” i.e. the forms satisfying the condition
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where the variables  are bilinear forms of  and . He proved in this paper that, inD B C3 3 3

particular, any such form is a power of a multiplicative determinant, i.e. a determinant the
elements of which are linear forms of the first column, moreover this property is
preserved under multiplication.

The algebraic theme, prominent in the first period of L. G.'s researches, continued to
play a large role in his subsequent work, even when his interests turned to geometry,
analysis, and number theory. For instance, in the paper “Über eine neue kombinatorische
Invariante (Monathschefte, 1930) L. G. introduced, in connection with variational
problem, the concept of divisibility on manifolds. The algebraic side of his work played
even larger role in his later papers on the subject of algebraic fields and the theory of
functions on these.

Another series of his earlier, also unpublished, papers L. G. dealt with the interplay of
geometry and set theory, and with general topology. Here is a description of some of
these results. In 1923 L. G. proved the following theorem: An -dimensional sphere of8
radius 1 can be partitioned into  parts, each of diameter less than , but it cannot be8  " "
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so decomposed into  parts. Similarly, in 1924, according to a surviving manuscript, he8
gives an intrinsic definition of the topological cube. This direction of research can be
further traced in his work in the subsequent years: First, one should note a theorem from
1928, in connection with his variation papers, about partitioning of a projective space .
Next, a paper with L. S. Pontriagin, published in “Annals of Mathematics,” in which they
provided a definition of the dimension of a minimal compact set as minimum of maxima
of certain relation. Finally, in 1936, he constructed a transformation, more general than
homotopy, which admits the types of discontinuities possessed by the level surfaces that
pass through critical points.

In 1926 L. G. studied some applications of the methods of the algebraic and analytic
continuations to the problems in geometry and the theory of analytic functions. This work
is described in a paper published in “Sbornik Rabot Matematicheskogo Razdela
Kommakademii” (Collection of papers of the mathematical chapter of Kommacademy. I
gave no idea what Kommacademy is. Tr.) In this paper, he establishes that given any
closed curve, there is a square inscribed in it, as well as one parameter family of rhombi,
the vertices of which trace the curve in cyclical order.

In 1927 L. G. studied the differences between differentiable and simply continuous
transformations of the plane in the vicinity of an invariant point . Under a hypothesisE
that the transformation is twice differentiable, he proved that there exists an invariant line
emanating from .  (This is proved by topological methods.)  At the same time, heE
constructed an example of a continuous transformation, whose only invariant set consists
of the point . Construction of this example (published in the Proceedings of DonskE
Polytechnic Institute in Novocherkask) is based on a solution of certain diophantic
equation, and constitutes the first arithmetic paper of Lev Genrikhovich.

During the last years of his aspirantship, L. G. worked with L. A. Liusternik in the
field of topological methods in the variational calculus. They established general methods
which allow one to prove that for an arbitrary function  defined a manifold, there do0
exist critical points, i.e. the points where , which are different from the minimal.0 œ !
points. Furthermore, they discovered some new topological invariants which allow one to
give a lower bound on the number of geometrically distinct critical points for an arbitrary
function defined on a manifold.

These results were carried over to the function spaces of admissible lines of
variational problems, and allowed one to study the existence of geometrically distinct
extreme points of an arbitrary functional, as well as to estimate the number of such
points. For example, for an arbitrary positive definite functional, defined on a set of
curves on a surface of genus , there exists at most three distinct extreme points.!

This last theorem immediately solves a problem, posed in 1905 by Poincare, about
the existence on a convex surface of at most three closed geodesics. (Poincare proved the
existence of at least one.) A more precise result about the existence of three non self-
intersecting closed geodesics, required additional arguments of purely analytic and
geometric nature. The final result is as follows. Given an arbitrary surface of genus ,!
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there exists at most three non self-intersecting geodesics of different lengths; or a one
parameter family of such lines, all of equal length, and one such line of a different length
(such as on the surface of rotation); or a two parameter family of lines, all of the same
length (such as on the surface of the sphere). In addition, they obtained a series of other
geometric results of similar type.

The collection of these papers was published in 1930 as a separate brochure in the
Proceedings of the institute of mathematics I, at MGU. It was translated into French
under the direction of J. Hadamard. In his introduction to the translation, Hadamard
writes: “This paper is a striking example of the breath of the point of view and the depth
and the power of the results therein.”

In later years, L. G. returned to the problems of qualitative studies of differential
equations, but not of variational types. In the last months of his life he was working on
the problem of limit cycles.

In 1929 in Novochirkask, L. G. began to work in number theory, and immediately
obtained some exceptional results. Late E. Landau, in an expository paper describing
some of these results, writes: “The work of L. G. Schnirelmann contains some of the
most significant achievements in the number theory that I was privileged to witness in
my lifetime,” and further “This paper could have appeared one hundred years ago and
can be understood by a reader without the knowledge of the differential and integral
calculus, not to mention the theory of complex variable.”

L. G. introduced into the number theory an idea which was both deep and brilliantly
simple. In many questions of representations of a natural number by elements of some
numerical sequence, the properties of the elements of the sequence are not always of
arithmetic in nature, and in some cases they are not of arithmetic nature at all. With this
observation L. G. lays the foundation of the arithmetic of arbitrary numerical sequences.
The significance of these ideas leads far beyond the work of L. G. himself, as well as the
work of those mathematicians who immediately extended these results.

L. G. introduced the concept of the density of a sequence of integers:
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where  is the number of elements of the sequence in question, which do not exceedRÐ8Ñ
8. One then proves that a sequence of natural numbers of a strictly positive density forms
a basis of the natural numbers, i.e. every natural number is expressible as a sum of a
bounded number of elements of the sequence.

This theorem allows one to reduce the problem of deciding whether a given sequence
is a basis of natural numbers to a question whether the given sequence has a positive
density.
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For example, after proving that the set of all sums of pairs of prime numbers has a
positive density, L. G. showed that every natural number is a sum of a bounded number
of primes. This was the first progress made in 180 years toward solving the Goldbach's
problem.

Papers by L. G., first published in the “Proceeding of the Donsk Polytechnic
Institute” in 1930 and later in “Mathematische Annalen” in 1933, contain a series of such
results based on this technique. Here are some examples: Generalization  of the Waring's
problem, a sufficient conditions for a differentiable function, assuming integer values at
the integer points, to have the property that the set of values assumed at the integers
forms a basis, etc.

In an unpublished paper of set theoretic nature, dating to 1932-1933, L. G. carries the
notion of density to the set of points on the real line: Given a measurable set  ofQ
positive real numbers, one defines its density , by!
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where  is the Lebesgue measure of the part of  in the interval . For the!ÐBÑ Q Ð!ß BÑ
densities of sets of real numbers one can prove results considerably more precise than in
the case of the sets of integers; in particular, given two sets of densities  and ,! "
! " ! " Ÿ "ß the density of the sum of the two sets is at least .

During the last years of life, Lev Genrikhovich worked on a variety of problems, all
of them varied and very interesting, using exceptionally ingenuous methods to attack
them. He was, unfortunately, unable to complete this work. We now briefly describe
them.

First of all, we note the research of L. G. on the applications of variational methods in
the analytic number theory  more precisely, to the distribution of primes. He derived a
series of nontrivial identities involving the prime numbers. These studies resulted from
the desire to discover new connections between the primes and the zeros of the zeta
function, connections not apparent in the classical theory of zeta function, but the
existence of which was suggested by the intuition.

Another example of these studies was the theory of functions of -adic arguments.:
The object was to develop an analogue to the theory of functions of complex variables, in
the -adic domain.  In the part of his research that is published (“On functions in normed,:
algebraically closed fields”, Izviestia Akademii Nauk USSR, Mathematics Series, No.
5 6, 1938) he gives the foundations of the theory of functions in such fields, in
particular he constructs an integral, analogous to the Cauchy integral in the ordinary
complex plane. The goal of this paper was a theory that was more intrinsic than
existential. It was intended to develop an apparatus, based on the theory of real and
complex variables, which would allow to study questions connected with solving
algebraic equations in integers.
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The third area of research, conducted together with A. O. Gelfond, had the aim of
understanding of the minimal distance from zero of  polynomials with integer
coefficients. This question, as one may guess, is tightly connected with the distribution of
prime numbers. Here they constructed examples of polynomials of prime degree, which
shed some light on the distribution of prime numbers, and produced results that are
somewhat more precise than those obtained by Chebyshev.

He was also interested in the theory of approximations in the classical case. L. G., in
the paper “On uniform approximations” in Izviestia of the Academy of USSR,
Mathematical Series, No. 1, 1938, gives a general theory of such approximations, based
on a very beautiful geometric principle (Helly's theorem about intersection of convex
sets).  This theory immediately allows for a solution of a series of problems of
Chebyshev type.

L. G. was also interested in the theory of general fields. For weakly compact fields,
he introduced a concept, analogous to the concept of Bewertung, which allows a
thorough investigation of such fields.

Lev Genrikhovich was a scientist of exceptionally wide breadth. He was able to find
new methods and beautiful results in widely dispersed mathematical areas. His talent was
every bit as diverse. He was equally at ease, and equally productive, with abstract as well
as concrete mathematics. He was, at the same time, a brilliant geometer in the original
meaning of the word, and a master of analytic exposition.

Most of all, however, the scientific accomplishments of L. D. Schnirelmann permeate
with high moral values. At the basis of his works lie original, simple and, at the same
time, deep ideas. This forms the essence of the brilliant contributions that L. G. made to
the mathematical discipline.

The scientific achievements of Lev Genrikhovich will be eternally a part of the
intellectual treasure of the human civilization.

Translated by Vladimir Drobot (http://www.vdrobot.com)


